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The space-charge effect on the residual energy of electrons in optical-field-ionized plasmas is studied in
detail by an extended simplified model and the cloud-in-cell simulation, with the longitudinal motion of
electrons included. It is found that in moderate conditions the space-charge field can influence the residual
energy of electrons effectively by matching the space-charge field with laser pulse. The effect of stimulated
Raman scattering on electron temperature is also investigated in detail. Finally, a comparison is made between
the results and experimental data.
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I. INTRODUCTION

A cold and dense plasma has a potential for generating
soft-x-ray laser �1�. When a beam of intense laser passes
through gas, the gas will be ionized and plasma is formed.
The electrons in the plasma will move in the pump laser field
and the space-charge field induced by the electron motion.
After the applied laser pulse vanishes, the electrons would
still preserve a part of kinetic energy which is called residual
energy. However, for generating the x-ray laser the residual
energy must be much lower than the ionization potential, so
that the three-body recombination could take place effi-
ciently. The requirements for the conditions of pump laser as
well as the laser medium have been investigated theoretically
�1–7�. The above-threshold ionization �ATI� induced heating
can be decreased by using a short-wavelength pump laser
because it is proportional to the square of pump laser wave-
length �3�, and the temperature of the electrons produced by
optical-field-induced ionization �OFI� is lower for linearly
polarized laser pulse than for a circularly polarized one
�2–5�. In addition, a long pulse laser is preferable to OFI
because of being able to decrease the ATI heating �3�. Now
the intense lasers for producing the high ionization states are
achievable and some experiments have been done to measure
the so produced plasma temperature �8–12�.

Some authors �3,10� have realized that the residual energy
can be reduced by space-charge effect and the harmonic os-
cillator model has been proposed to describe the electron
motion in laser electric field and electrostatic field, in which
the space-charge field is taken as a restoring force �3,6�,

ÿ + �p
2y = −

e

m
Ey�y,t� . �1�

Here Ey�y , t� represents the electric field of the applied laser
beam and �p is the plasma frequency. Based on this model,
Penetrante and Bardsley thought that the presence of space-
charge field could significantly lower the residual electron
energy by matching plasma frequency �p with the pulse
width �p. Pulsifer et al. �6� pointed out that the residual en-
ergy of one electron could be reduced to half if the space-
charge effect was considered, while the other part would be
transferred into the potential energy of the electron. They

also pointed out that there would be no significant change of
the residual energy with �p.

In the investigation of residual energy it was also found
that the inverse bremsstrahlung heating �3,6� and stimulated
Raman scattering �SRS� �5� were important mechanisms for
increasing the plasma temperature. The influence of SRS on
the residual energy was estimated in our previous paper �13�.

As far as we know, in the discussion of the residual en-
ergy the longitudinal motion of electrons �in the direction of
the propagation of laser pulse� and the longitudinal electro-
static field are usually neglected. In fact it is not clear
whether the longitudinal motion of electrons affects the re-
sidual energy. In addition, althrough the influence of SRS on
residual energy has been proved negligible in the very low
density case, it would become important with the increasing
of the electron density ne. In Sec. II of this paper an extended
harmonic oscillator model is proposed to investigate the in-
fluence of the longitudinal motion and space-charge field on
the residual energy. In Sec. III, a particle simulation code,
which has been modified to include the ionization process, is
used to simulate the influences of SRS and space charge field
on the residual energy in detail. We find out that, in moderate
conditions, the residual energy of electrons will be increased
effectively if the frequencies of the space-charge field and
the laser field are properly matched. Finally, the comparison
between the theoretical results and experimental data �9,11�
is made in Sec. IV.

II. EXTENDED HARMONIC OSCILLATOR MODEL

As is well known, in the nonrelativistic limit the trans-
verse velocity of the electrons in a laser field is much larger
than the longitudinal one. However, with the laser intensity
and plasma density increased, the influence of the longitudi-
nal motion would no longer be ignored. In order to clarify
this problem we extend the harmonic oscillator model �3,6�
by including the longitudinal motion of electrons and longi-
tudinal electrostatic field. Still describing the longitudinal
electric field as a harmonic restoring force, Eq. �1� is revised
as

m
d

dt
Vy = − eEy +

e

c
VxBz − m�p

2y , �2�
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m
d

dt
Vx = −

e

c
VyBz − m�p

2x , �3�

where x and y represent the longitudinal coordinate and the
transverse one respectively, Vx and Vy are the corresponding
velocities, Ey and Bz denote the electric and magnetic fields
of the applied linearly polarized laser. The laser pulse propa-
gates along the x direction. The classical motion equation is
still considered since here the movement is only weakly rela-
tivistic. The ions are assumed immobile. Obviously, here the
effect of SRS is not included.

Above equations cannot be solved analytically and in the
following we look for their numerical solution. To calculate
the residual energy the ionization must be included and the
tunneling ionization model �14� is taken to describe the laser-
atom interaction in the strong field �3�. Let nj�t� be the num-
ber density of charge state j at time t, the evolution of nj�t� is
given by the following coupled equations:

ṅ0�t� = − W1�t�n0�t� ,

ṅj�t� = Wj�t�nj−1�t� − Wj+1nj�t� ,

ṅzmax�t� = Wzmax�t�nzmax−1�t� ,

where Wj�t� is the ionization rates for the production of
charge state j from j−1, and

Wj�t� = 1.61�a.u.
Z2

nef f
4.5�10.87

Z3

nef f
4

Ea.u.

�Et�
�2nef f−1.5

�e−�2/3��Z3/nef f
3 ��Ea.u./�Et��

with

nef f =
Z

�Uj/UH�1/2 , UH = 13.6 eV,

�a.u. = 4.1 � 1016/s, Ea.u. = 5.1 � 109 V/cm,

where Z is the core charge, Uj is the ionization potential, and
Et the total electric field. In the above equations the recom-
bination process is ignored because the applied intense laser
pulse is ultrashort ��p�1 ps�, whereas the recombination oc-
curs at least after several pulse lengths.

In the calculation residual energy is defined as the final
kinetic energy of the electrons after the laser pulse disap-
pears and the electrons are assumed to be born with zero
velocity. In our calculations t=5�p is chosen as the time for
the pulse to stop. In order to compare the calculated results
with experimental data, the residual energy is taken as the
average one of all the ionized electrons, and the influence of
the space-charge field on the ionization rate is neglected in
calculation, as usual. Also, the electromagnetic fields Ey and
Bz are chosen to be their vacuum values since the electron
density ne is usually much smaller than the critical one, nc.
We consider helium gas. The maximum intensity and the
wavelength of the laser pulse are chosen as I=1018 W/cm2

and �=248 nm. The laser pulse is given by

Ey�t� = E0exp�− 2� t − tmax

�p
�2	sin �0t �4�

and tmax is taken as two times the laser pulse length �p. Ow-
ing to the similarity of the ionization and motion for all
electrons in the laser propagation path �only with a time
delay�, in the simple model we only consider the motion of
the electrons produced at the fixed place where both the ini-
tial x and y are equal to zero. The calculation results are
shown in Fig. 1, in which both the kinetic energy and total
energy of an electron have been divided into two parts cor-
responding to x and y directions. The average kinetic energy
Ek and total energy T are defined as the following:

Ekx =
1

Ne


i=1

Ne 1

2
meVxi

2 , Tx =
1

Ne


i=1

Ne �1

2
meVxi

2 +
1

2
me�p

2xi
2� ,

Eky =
1

Ne


i=1

Ne 1

2
meVyi

2 , Ty =
1

Ne


i=1

Ne �1

2
meVyi

2 +
1

2
me�p

2yi
2� .

Figures 1�a� and 1�b� show the dependence of the final
Eky ,Ekx ,Ty, and Tx on �p for �p=240/�0. In these figures the
kinetic energy is usually one-half of the total energy, which
means that the space-charge field can transfer half of the
kinetic energy into potential energy on average. Besides, we
notice that there are two peaks at �p��0 and �p�0.5�0. If
the peaks are ignored, the residual energy varying with �p in

FIG. 1. �a� The dependence of the final kinetic energy Ekx and
Eky on �p from the simple model. �b� The dependence of the final
total energy Tx and Ty on �p from the simple model.
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Fig. 1�a� agrees with that described by Eq. �15� in Ref. �6�

��t0� �
e2E2�t0�

4m
��p

2sin2�0t0 + �0
2cos2�0t0

��0
2 − �p

2�2 � .

In order to find the location of the first peak of Tx for �p
��0, many similar calculations have been made for different
pulse lengths �p. Similar peaks are observed and the location
is close to �p�p�2.5. This means that the formation of the
peak is closely related to �p, in other words, the peak is
caused by the resonant match between the pulse profile and
the electrostatic field in the x direction. It is natural to think
that the peak should have to do with the mechanism of laser
wakefield accelerator �15�. As a matter of fact, at the rising
stage of the laser pulse the electrons are pushed out of the
pulse region by the ponderomotive force, whereas in the de-
scending stage the electrons experience an opposite motion.
If the push and pull force on electrons is resonant with Lang-
muir wave, the Langmuir oscillation will be enhanced. The
oscillation will continue even after the pulse disappears and
some of its energy will be converted into the longitudinal
part of the kinetic energy Ekx. Meanwhile, since the oscilla-
tion velocity is not very high for nonrelativistic laser inten-
sity and the laser pulse is not very narrow compared to its
oscillation period, only a little part of the energy can be
transferred into the transverse kinetic energy by Lorentz
force. This results in no corresponding peak appearing in Ty
in Fig. 1. Another peak is at �p�0.5�0 and it should be the
resonant coupling between the two-directed restoring oscil-
lations through Lorentz force. Since the restoring velocity in
the y direction has the frequency of 0.5�0, it induces a fre-
quency component of 0.5�0 in the longitudinal motion by
Lorentz force. This is just the same as the restoring force
frequency in the x direction and leads to the resonance ex-
citing very strong oscillation in the direction. For the same
reason there exists strong oscillation in the y direction. Con-
sequently, these resonances result in very high residual en-
ergy. We have also made some similar calculations without
considering the transverse electrostatic field. This time no
such peaks are observed, while the peak for �p�p�2.5 still
exists. Maybe this can be used as a different mechanism of
accelerating electrons, worthy of further investigations.

We also have made a lot of similar computations for dif-
ferent �p and obtained similar results. The residual energies
corresponding to the two peaks with �p�p=2.5 and �p
=0.5�0 are also collected in Figs. 2�a� and 2�b�. Figure 2�a�
shows the residual energy decreasing with increasing �p. The
reason is that the shorter the pulse, the more electrons are
produced at the time close to the maximum of the pulse
intensity, and the stronger the wakefieldlike effect is, conse-
quently, the higher the residual energy becomes. However,
the behavior becomes quite different for the �p�0.5�0 peak
as shown in Fig. 2�b�. In this case the longer the pulse, the
longer the time for accelerating the electrons resulting in
higher residual energy. Calculations are also made for non-
plane electromagnetic wave such as the Gaussian transverse
profile of the pulse with different �p and the similar behavior
is obtained.

The results lead to the conclusion that the residual energy
could be neither reduced significantly by the match between
�p and �p as expected by Penetrante and Bardsley �3�, nor
little changed with the pulse width as expected by Pulsifer et
al. �6�. The better view should be that in some special cases
the pulse width has effective influence upon the residual en-
ergy. However, the results are based on the simple model, in
which the influence of SRS is not included, and the results
should also be checked by particle simulation, which will be
discussed in the next section.

III. PARTICLE SIMULATION OF RESIDUAL ENERGY

Because the ionization occurs at different locations and
different times, the laser-ionized electrons are subjected to
different forces from the laser pulse and the interactions
among them are complicated. So the problem should be stud-
ied by computer simulation with a cloud-in-cell �CIC� code.
In the method the real particles are replaced by some clouds,
their motions are governed by the Lorentz equation, and the
Maxwellian equations for electric and magnetic fields are
simultaneously solved. There are some good introductions to
the CIC or the PIC �particle-in-cell� methods �16�. For
present purposes our one-dimensional �1D� relativistic CIC
code �17� with nonperiodic boundary condition is revised to
include the ionization process according to the previous
scheme �14�. However, this kind of code could not describe
the residual energy related to the transverse electrostatic

FIG. 2. �a� The dependence of the final total energy Tx and Ty

upon �pulse at �pulse�p=2.5 from the simple model. �b� The depen-
dence of the final total energy Tx and Ty upon �pulse at �p=0.5�0

from the simple model.

RESIDUAL ENERGY IN OPTICAL-FIELD-IONIZED… PHYSICAL REVIEW E 71, 066411 �2005�

066411-3



field. So the results obtained by the simple model and 1D
CIC code should be combined to get a more complete under-
standing.

The following two points about the simulation should be
declared:

�i� The linearly polarized electromagnetic wave propa-
gates in the x direction with wavelength 248 nm and maxi-
mum intensity 1018 W/cm2. The electric field of the incident
pulse is described by Eq. �4�. The simulation system is 100�
long with helium gas situated in the middle, which is 20�
long. The rest of the system at the initial time is vacuum so
as to make the electrons arriving at the system boundaries as
few as possible and the results more accurate.

�ii� The time step �t and spatial step �x is related by �x
=c�t and �t is less than 0.1/�0. All the electrons are born
with zero velocity. The ions are immobile. Specular reflec-
tion is chosen for the particles hitting the boundary. A total of
about several 105 particles are produced and simulated in
each run.

Figure 3 shows the time evolution of the transverse part of
the field energy TTE, the longitudinal part TLE, the average
transverse kinetic energy Eky, the average longitudinal one
Ekx, and the total energy TE of the system. Here the following
definitions are given:

TTE = 

j=1

NX

�Ey
2�j� + Bz

2�j��, TLE = 

j=1

NX

Ex
2�j� ,

Eky =
1

2Ne


i=1

Ne

meVyi
2 , Ekx =

1

2Ne


i=1

Ne

meVxi
2 ,

where NX is the total number of spatial grids, Ne the total
number of the ionized electrons, and Ex is the longitudinal
electrostatic field. In the figure �p is fixed at 300 fs and the
helium gas density nHe is 0.9�1016/cm3. From Fig. 3 it can
be found that the evolution of Eky and TTE agree with that of
the laser pulse, as they should be. The final Eky is very close
to that obtained by the harmonic oscillator model without
electrostatic field, which indicates that our results of simula-
tion are reasonable. The final Ekx is about three times Eky.

This is because of the resonant condition �p�p=2.5 which is
satisfied since helium gas is double ionized. This resonance
agrees well with the results obtained by the previous simple
model. In addition, no signal of SRS is observed because of
too low electron energy of 2�10−6nc. We also carried out
some other simulations with different ne in similar conditions
and the results are collected in Fig. 4. The figure shows that
Eky gradually increases with nHe because SRS gradually be-
comes strong. For ne of the order of 1014/cm3 Ekx is very
small since there is neither SRS nor the match between �p
and �p. However, in the vicinity of 1016/cm3 of nHe ,Ekx
becomes high, that should be induced by the mentioned
match. Then, Ekx becomes small again until nHe reaches
about 1018/cm3 above which SRS starts to play a more and
more important role, hence higher and higher Ekx. For ne
=0.9�1020/cm3 the anti-Stokes wave induced by SRS with
frequency of �0−�p is clearly observed �not shown here�.
No further simulation is performed with ne exceeding 0.25nc
where no SRS occurs.

Some simulations for other �p are also performed and
similar behaviors to those in Figs. 3 and 4 are obtained.
Figures 5 and 6 show similar results for �p equal to 100 and
3.5 fs, respectively. The comparison among these figures
suggests that Eky becomes higher with shorter pulse, which

FIG. 3. The evolution of the various energy when nHe=0.9
�1016 cm3 from PIC. Here I=1018 W/cm2,�=248 nm, and tmax

=2�pulse=4500/�0.

FIG. 4. The dependence of the kinetic energy Ekx and Eky upon
the density of helium gas nHe from PIC. Here I
=1018 W/cm2, tmax=2�pulse=4500/�0, and �=248 nm.

FIG. 5. The dependence of the kinetic energy Ekx and Eky upon
the density of helium gas nHe from PIC. Here I
=1018 W/cm2, tmax=2�pulse=1500/�0, and �=248 nm.
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agrees with the results in the last section. It also indicates
that the longer the laser pulse is, the more intense SRS be-
comes, hence the higher residual Ekx.

IV. COMPARISON WITH EXPERIMENTAL DATA

In this section some comparisons are made between ex-
perimental data and our results. Several years ago Glover et
al. �9� measured the temperature of electrons in plasmas
formed by intense laser incident upon helium gas with den-
sity no less than 1018/cm3. Table I shows the experimental
data and our simulation results. In the following the electron
temperature is defined as �e= 2

3 �Ekx+Eky�. It should be no-
ticed that our simulation results for Eky have been divided by
2 for considering the effect of the transverse electrostatic
field.

In Table I Te represents the measured electron tempera-
ture. It is seen that our results are consistent with the experi-

mental data and SRS plays an important role.
Similarly Blyth et al. �11� measured the electron tempera-

ture with helium gas. The following is the experimental con-
dition:

I = 1018 W/cm2, � = 248 nm, �p = 350 fs.

We also made the corresponding simulations and the com-
parison displayed in Table II.

Table II shows that the comparison is satisfactory. With ne
increasing, the residual energy becomes much higher and
SRS becomes very important.

In conclusion, we have proposed an extended harmonic
oscillator model to investigate the influence of the electro-
static field and the longitudinal motion of electrons on re-
sidual energy. In order to clarify the influence of SRS and
longitudinal electrostatic field, we have also performed some
particle simulation and made comparisons with the experi-
mental data. Finally the following conclusions can be drawn:

�i� Under moderate matching condition, we mean �p�p
�2.5, a kind of resonance related to the laser wakefield oc-
curs even for very low ne, which results in the effective
increasing of longitudinal part of residual energy.

�ii� When �p�0.5�0 another kind of resonance takes
place in both the transverse and longitudinal direction, which
gives rise to very high residual energy.

�iii� In the case of ne much lower than nc, the longitudinal
motion of electrons has little influence on residual energy if
no matching condition mentioned above is satisfied.

�iv� With ne increasing SRS becomes strong and has
strong influence upon residual energy.

�v� The transverse part of residual energy becomes higher
with shortening laser pulse, whereas the longitudinal one be-
comes higher with lengthening laser pulse.
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